Abstract. In this paper, we revisit results of Frey and Flexor-Oesterlé pertaining to the primes at which an elliptic curve over a number field K with a non-trivial K-torsion point can have additive reduction. Specifically, we study fourteen families of elliptic curves and use these to give an explicit proof of Flexor-Oesterlé's Theorem in the case when K is a number field with class number one. The explicit nature of the results leading up to this proof allows us to classify the minimal discriminants of all rational elliptic curves with a non-trivial torsion subgroup and provide equations for their global minimal model. We conclude by using this classification to find necessary and sufficient conditions to determine the primes at which such a curve has additive reduction.
Introduction
The two-parameter family of elliptic curves F (a, b) : y 2 = x (x + a) (x − b), known as the Frey curve, has the property that if a and b are relatively prime integers, then the minimal discriminant ∆ min F of the rational elliptic curve F = F (a, b) is easily computable [13] . In fact, Moreover, F is a global minimal model for F if u = 1 and
is a global minimal model for F if u = 2. We also have that F is semistable at all odd primes and has additive reduction at 2 if and only if u = 1. In this paper, we study fourteen parameterized families of elliptic curves with the property that if E is a rational elliptic curve with a non-trivial torsion subgroup, then E is Q-isomorphic to an elliptic curve occurring in one of these families. For each of these families, we prove results analogous to those mentioned above for the Frey curve which, in turn, allows us to classify the minimal discriminants of all rational elliptic curves with a non-trivial torsion subgroup. More precisely, let E be an elliptic curve over a number field K. The Mordell-Weil Theorem states that the group E(K) of rational points on E is finitely generated and thus E(K) ∼ = E(K) tors × Z r where E(K) tors is the torsion subgroup of E(K) and r is a non-negative integer. Over Q, Mazur's Torsion Theorem [10] states that there are exactly 15 possible torsion subgroups E(Q) tors and the parameterization of the corresponding modular curves X 1 (N ) and X 1 (2, N ) are well known [9, Table 3 ]. We use these parameterizations in section 2 to construct fourteen families of elliptic curves E T where T is one of the fourteen non-trivial torsion subgroups allowed by Mazur's Torsion Theorem. These families have the property that if the parameters of E T are elements of a field K, then T ֒→ E T (K) tors . Conversely, if E is an elliptic curve over K with T ֒→ E(K) tors , then E is K-isomorphic to E T for some parameters contained in K. In particular, the Frey curve is a special case of our 3-parameter family of elliptic curves E T for T = C 2 × C 2 where C N denotes the cyclic group of N elements. In section 3, we study the discriminant ∆ and the invariants c 4 and c 6 of E T to prove the following result for elliptic curves over number fields with class number 1. Theorem 1. Let E be an elliptic curve over a number field K with class number one and let R K denote its ring of integers. Suppose further that the j-invariant of E is not 0 or 1728 and that T ֒→ E(K) for one of the T occurring the table below. If E has additive reduction at a prime p of K, then the residue characteristic of p is a rational prime in the set S given below
where S a = {p a prime | p divides |R K /aR K |} for some a ∈ R K . This is Theorem 3.3 and as a consequence, we attain a special case of a result of Frey [6] and Flexor-Oesterlé [5] . Specifically, Frey proved that if E(K) contains a point of order ℓ for ℓ a prime greater than 3, then E is semistable at all primes p of K whose residue field has a characteristic different from ℓ. Flexor and Oesterlé showed that if E(K) contains a point of order N and E has additive reduction at a prime p of K whose residue characteristic does not divide N , then N ≤ 4. Moreover, if E has additive reduction at at least two primes of K with different residue characteristics, then N divides 12. The proof of these results and their generalizations [11] rely on knowledge of the Néron model of E. We show that Theorem 1 implies Flexor and Oesterlé's Theorem under the assumption that K is a number field with class number one and E is an elliptic curve with j-invariant not equal to 0 or 1728.
In section 4, we restrict our attention to rational elliptic curves with a non-trivial torsion subgroup. Understanding the minimal discriminants of these elliptic curves is equivalent to understanding the minimal discriminants of the parameterized elliptic curves E T . Our main result is a classification of the minimal discriminants for the curves E T which generalizes the aforementioned result of the Frey curve (1.1).
Theorem 2.
There are necessary and sufficient conditions on the parameters of E T which uniquely determine the minimal discriminant. This is Theorem 4.4 and section 5 is devoted to its proof. In addition to an easily computable minimal discriminant, the Frey curve comes equipped with a global minimal model based on its parameters as well as information pertaining to the primes at which it has additive reduction. We consider analogs of these two statements in sections 6 and 7, respectively and prove the following two results.
Theorem 3. There are sufficient conditions on the parameters of E T to determine a global minimal model for E T .
Theorem 4.
There are necessary and sufficient conditions on the parameters of E T to determine the primes at which E T has additive reduction.
Theorems 3 and 4 are Theorems 6.1 and 7.1, respectively. We conclude this paper with some corollaries of Theorem 2 for rational elliptic curves with a non-trivial torsion subgroup as well as some examples.
Notation and Terminology.
We say E is defined over a field K if E is given by an (affine) Weierstrass model (1.2) E : y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6
where each a j ∈ K. From the Weierstrass coefficients, one defines the quantities (1.3)
Now suppose K is a number field with ring of integers R K . We say E is given by an integral Weierstrass model if each a i ∈ R K . We say E is a rational elliptic curve if E is defined over Q. Each rational elliptic curve E is Q-isomorphic to an elliptic curve given by a global minimal model of the form (1.2) with each a j ∈ Z and |∆| is minimal over all Q-isomorphic elliptic curves to E. We call the discriminant associated to a global minimal model of E the minimal discriminant of E and denote it by ∆ min E . If a prime p divides gcd c 4 , ∆ min ET where c 4 is associated to a global minimal model of E, then E is said to have additive reduction at p. If this is not the case, then E is semistable at p and we say E is semistable if it is semistable at all primes.
Parameterization of Certain Elliptic Curves with non-Trivial Torsion
Let K be a number field with ring of integers R K and let E be the elliptic curve given by the Weierstrass model (2.1) E : y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6
where each a i ∈ K. Suppose further that P = (a, b) ∈ E(K) is a torsion point of order N . Then the admissible change of variables x −→ x − a and y −→ y − b results in a K-isomorphic elliptic curve with P translated to the origin. In particular, we may assume that a 6 = 0 in (2.1) and that P = (0, 0).
2.1.
Point of Order N = 2. First suppose N = 2, so that P = −P . By [13, III.2.3], −P = (0, −a 3 ) and so a 3 = 0. The admissible change of variables x −→ u 2 x and y −→ u 3 y + u 2 sx with u = (2a 1 where each a i ∈ K. In fact, we may assume that a 2 , a 4 ∈ R K since the admissible change of variables x −→ u −2 x and y −→ u −3 y results in the Weierstrass model
Note that if a 2 2 − 4a 4 is a square in R K , then x 2 + a 2 x + a 4 = (x + α) (x + β) for some α, β ∈ R K . In particular, we observe that E has full 2-torsion in K if and only if a 2 2 − 4a 4 is a square since (−α, 0) is a torsion point of order 2.
Lemma 2.1. Let K be a number field with class number equal to 1. Let E be an elliptic curve over K with a K-rational torsion point P of order 2. Suppose further that E does not have full 2-torsion over K. Then E is K-isomorphic to the elliptic curve
Proof. By the above discussion, we may assume that E is given by the Weierstrass model
with a 2 , a 4 ∈ R K and P = (0, 0).
We may further assume that a, b ∈ R K since the admissible change of variables x −→ u −2 x and y −→ u −3 y results in the K-isomorphic elliptic curve
Now suppose gcd(a, b) = g 2 h with h squarefree. Then the admissible change of variables x −→ g 2 x and y −→ g 3 y results in the K-isomorphic elliptic curve
In particular, we may assume that gcd(a, b) and d are squarefree, which completes the proof.
Lemma 2.2. Let K be a number field with class number equal to 1. Let E be an elliptic curve over K with a K-rational torsion point P of order 2. Suppose further that E has full 2-torsion over K. Then E is K-isomorphic to the elliptic curve
for some non-zero a, b, d ∈ R K such that gcd(a, b) = 1 and d is squarefree.
Then the admissible change of variables x −→ g 2 x and y −→ g 3 y results in the K-isomorphic elliptic curve
and so we may assume that gcd(A, B) = d. Then A = ad and B = bd for some a, b ∈ R K with gcd(a, b) = 1 which gives the lemma.
Remark 2.3. If we omit the condition that K has class number equal to 1, then Lemma 2.1 (resp. Lemma 2.2) still holds with the omission that gcd(a, b) is squarefree (resp. gcd(a, b) = 1).
2.2.
Point of Order N = 3. Now suppose E is an elliptic curve over K with a K-rational torsion point P of order N ≥ 3. By the above we may assume E is given by the Weierstrass model
with P = (0, 0) the point of order N .
Lemma 2.4. Let E be given by the Weierstrass model (2.2) and P = (0, 0) a torsion point of order N . (i) If N ≥ 3, then a 3 = 0 and, after a change of coordinates, we can suppose a 4 = 0.
(ii) If a 3 = 0 and a 4 = 0, then P is of order 3 if and only if a 2 = 0.
Corollary 2.5. Let E be an elliptic curve over K with a K-rational torsion point of order 3. If the j-invariant of E is non-zero, then E is K-isomorphic to the elliptic curve
Proof. By Lemma 2.4, we may assume that E is given by the Weierstrass model
Since c 4 = a 1 a 3 1 − 24a 3 and the j-invariant of E is 0 if and only if the invariant c 4 = 0, we may assume that a 1 = 0 and a and so we may take t = a3 a 3 1 which completes the proof.
2.3.
Point of Order N ≥ 4 and Modular Curves. For an integer N ≥ 2, the modular curve X 1 (N ) (with cusps removed) parameterizes isomorphism classes of pairs (E, P ) where E is an elliptic curve and P is a torsion point of order N on E. Two isomorphism classes of pairs (E, P ) and (E ′ , P ′ ) are isomorphic if there exists an isomorphism ϕ : E → E ′ such that ϕ(P ) = P ′ [12] . If ϕ is a K-isomorphism for some field K, we say that the pairs (E, P ) and (E ′ , P ′ ) are K-isomorphic and the K-isomorphism class of the pair (E, P ) is a K-rational point of X 1 (N ). We denote the set of K-rational points of X 1 (N ) by X 1 (N )(K). Lemma 2.6 (Tate Normal Form). Let K be a field and let E be an elliptic curve over K with a K-rational torsion point of order N ≥ 4. Then every K-isomorphism class of pairs (E, P ) with E an elliptic curve over K and P ∈ E(K) a torsion point of order N contains a unique Weierstrass model
with f ∈ K × and g ∈ K.
We call E TNF the Tate Normal Form of E.
A consequence of Lemma 2.6 is that the non-cuspidal points of X 1 (N )(K) for N ≥ 4 are in one-to-one correspondence with the set of K-isomorphism classes of pairs (E TNF , (0, 0)) where E TNF is an elliptic curve over K given by a Tate normal form and (0, 0) is its point of order N .
For an integer M ≥ 1, the modular curve X 1 (2, 2M ) parameterizes isomorphism classes of triples (E, P, Q) where E is an elliptic curve and P, Q ∼ = C 2 × C 2M with e(P, M · Q) = ζ 2 where e 2 is the Weil pairing [13, III.8]. It is well known that the modular curve X 1 (N ) and X 1 (2, 2M ) has genus 0 if N = 2, 3, . . . , 10, 12 or M = 1, 2, 3, 4 [3, Proposition 3.7] . For N = 4, 5, . . . , 10, 12 or M = 2, 3, 4 these modular curves are fine moduli spaces and are parameterizable by a single parameter t [9, Table 3 ]. More precisely, for these values of N and M , we consider the abelian groups T = C N and T = C 2 ×C 2M where C n denotes the cyclic group of order n. For t ∈ P 1 , define X t as the mapping which takes T to the elliptic curve X t (T ) where the Weierstrass model of X t (T ) is given in Table 1 1 . Then X t (T ) is a one-parameter family of elliptic curves with the property that if t ∈ K for some field K, then X t (T ) is an elliptic curve over K and T ֒→ X t (T )(K) tors . The Weierstrass model of X t (T ) is known as the universal elliptic curve over X 1 (N ) (resp. X 1 (2, 2M )) if T = C N (resp. T = C 2 × C 2m ). The following Proposition summarizes this discussion for the eleven groups T considered above. Proposition 2.7. Let K be a field. If t ∈ K such that X t (T ) is an elliptic curve, then T ֒→ X t (T )(K). Moreover, if E is an elliptic curve over K with T ֒→ E(K), then there is a t ∈ K such that E is K-isomorphic to X t (T ).
The Elliptic Curves
Mazur's Torsion Theorem [10] states that there are fifteen possibilities for the torsion subgroup of a rational elliptic curve. Theorem 2.8 (Mazur's Torsion Theorem). Let E be a rational elliptic curve. Then
For the fourteen non-trivial torsion subgroups T allowed by Theorem 2.8, let E T be the elliptic curve defined in Table 4 . Then for T = C 2 , C 2 × C 2 , E T = E T (a, b, d) is the three parameter family of elliptic curves which was the subject of Lemmas 2.1 and 2.2. For T = C 3 , let X t (T ) denote the elliptic curve defined in Corollary 2.5 and for the remaining T 's let X t (T ) be as defined Table 1 . Universal Elliptic Curve X t (T )
For the following lemma, let α T , β T , and γ T be as defined in Tables 5, 6 , and 7, respectively. Lemma 2.9. Let K be a number field and let R K denote its ring of integers. Then for T = C 2 , C 2 × C 2 , the elliptic curves X b/a (T ) and
Moreover, the discriminant of E T is γ T and the invariants c 4 and c 6 of E T are α T and β T , respectively.
Proof. Let
Then the admissible change of variables x −→ u −2
It is now verified via the formulas in (1.3) that the discriminant of E T is γ T and that the invariants c 4 and c 6 of E T are α T and β T , respectively.
Explicit Frey and Flexor-Oesterlé
Let E T be the elliptic curve defined in Table 4 . In the previous section, we saw that these families of elliptic curves parameterize all elliptic curves over K with T ֒→ E(K) where T = C 2 , C 3 , C 2 × C 2 is one of the remaining eleven non-trivial torsion subgroups allowed by Theorem 2.8. This holds for T = C 3 under the assumption that C 3 ֒→ E(K) with E having non-zero j-invariant. We also saw that if K has class number one, then E T = E T (a, b, d) parameterizes all elliptic curves over K with T ֒→ E(K) where T = C 2 , C 2 × C 2 and for T = C 2 it is assumed that E does not have full 2-torsion. Moreover, the discriminant of E T is given by γ T and the invariants c 4 and c 6 are α T and β T , respectively. In the following lemma, we consider α T , β T , γ T as polynomials in S = Z [a, b, d, r, s]. 
In particular, for T = C 2 , C 2 ×C 2 suppose K is a number field and let a and b be coprime elements of
) are contained in the principal ideal δR K where γ and δ are: Proof. The polynomials µ
T for j = 1, 2, 3 are constructed by applying the Euclidean Algorithm to pairs of α T , β T , and γ T over the rings Q[a] (b) and Q[b] (a). Explicit equations for these polynomials are found in Appendix D of the author's thesis [2] . The identities can then be checked with a computer algebra system such as Sage [4] and Sage worksheets of these verifications are available upon request.
For the second statement, note that the ideals generated by a n and b m are coprime for any positive integers n and m since the ideals generated by a and b are coprime. In particular, there exist r, s ∈ R K such that ra n + sb m = 1 and thus the second statement now follows.
Lemma 3.2. Let K be a local field, complete with respect to a discrete valuation v and let R denote its ring of integers. If E is an elliptic curve given by an integral Weierstrass model, then any admissible change of variables x −→ u 2 x + r and y −→ u 3 y + u 2 sx + w used to produce a minimal Weierstrass equation satisfies u, r, s, w ∈ R.
In particular, if E is a rational elliptic curve given by an integral Weierstrass model with invariants c 4 and c 6 and discriminant ∆, then there is a unique positive integer u such that
is the minimal discriminant of E and c Theorem 3.3. Let E be an elliptic curve over a number field K with class number one and let R K denote its ring of integers. Suppose further that the j-invariant of E is not 0 or 1728 and that T ֒→ E(K) for one of the T in Lemma 3.1. If E has additive reduction at a prime p of K, then the residue characteristic of p is a rational prime in the set S given below
where S a = {p a prime | p divides |R K /aR K |} for some a ∈ R K .
Proof. Let E be an elliptic curve with T ֒→ E(K) and assume that E has additive reduction at a prime p of K. By Proposition 2.7 there is a t ∈ K such that E is K-isomorphic to X t (T ). Since K has class number one, we may assume that t = b a where a, b ∈ R K are coprime and by Lemma 2.9, E is K-isomorphic to E T = E T (a, b). Now consider E T as an elliptic curve over K p and let x −→ u 2 p x + r p and y −→ u 
Kp where δ is as in Lemma 3.1. Since E has additive reduction at p, we have that v p (∆ p ) , v p (c 4,p ) > 0 and therefore v p (δ) > 0. In particular, the residue characteristic of p divides δ. This shows all cases claimed except for T = C 10 . Note that if
In particular, if E C10 has additive reduction at a prime p, it follows that the residue characteristic of p is 5.
As a consequence we get Frey's Theorem [6] in the case when ℓ = 5, 7. Next, we prove Flexor and Oesterlé's Theorem [5] for number fields K with class number one by assuming Frey's Theorem and observing that by Theorem 3.3 additive reduction for an elliptic curve E over K is only possible at two or more distinct valuations with different residue characteristic if T = C 3 , C 4 , C 6 , C 12 , and C 2 × C 6 . Theorem 3.4. Let E be an elliptic curve over a number field K with class number one. Suppose further that the j-invariant of E is not 0 or 1728. If E(K) contains a point of order N and E has additive reduction at a prime p of K whose residue characteristic does not divide N , then N ≤ 4. Moreover, if E has additive reduction at at least two primes of K with different residue characteristics then N divides 12.
Proof. Let E be an elliptic curve over K with a K-rational torsion point of order N . First suppose E has additive reduction at a prime p of K. If ℓ > 3 is a prime which divides N , then by Frey's Theorem the residue characteristic of p must divide N . If 8 (resp. 9) divides N , then the residue characteristic of p is 2 (resp. 3) by Theorem 3.3.
Next, suppose E has additive reduction at at least two primes of K with different residue characteristics. By Frey's Theorem, the only primes dividing N are 2 and 3. By Theorem 3.3, 8 nor 9 divide N and so N = 1, 2, 3, 4, 6, 12. In particular, N divides 12. Lastly, if E has additive reduction at a prime p of K whose residue characteristic does not divide N , then by Theorem 3.3 we conclude that N ≤ 4.
Classification of Minimal Discriminants
In this section, we restrict our attention to rational elliptic curves. As before, let T be one of the fourteen non-trivial torsion subgroups allowed by Theorem 2.8 and let E T be as given in Table 4 . Then if E is a rational elliptic curve with T ֒→ E(Q) where T = C 2 , C 2 × C 2 , we have that there are relatively prime integers a and b such that E is Q-isomorphic to E T = E T (a, b). If E has a rational point of order 2 and E does not have full 2-torsion, then E is Q-isomorphic to E T = E T (a, b, d) with gcd(a, b) and d squarefree integers. Lastly, if E has full 2-torsion, then E is Q-isomorphic to E T = E T (a, b, d) with a and b relatively prime integers and d squarefree. However, we can assume in this case that a is even as demonstrated in the following lemma. Proof. By Lemma 2.2, E is Q-isomorphic to
where a, b, d are integers such that a and b are relatively prime and d is a squarefree integer. By the proof of Lemma 2.2, d may be assumed to be positive. It remains to show that a may be assumed to be even. Observe that if b were even, then we can interchange a and b. So suppose a and b are odd. Then c = b − a is even and the admissible change of variables x −→ x − ad gives a Q-isomorphism from E T onto the elliptic curve given by the Weierstrass model
This shows that we may assume a to be even.
Proof. Let E and E ′ be rational elliptic curves. Suppose further than the invariants c 4 and c 6 of their Weierstrass model coincide. Then E and E ′ are Q-isomorphic since they are both Q-isomorphic to the elliptic curve
In particular, the invariants c 4 and c 6 of a Weierstrass model determine an elliptic curve up to Q-isomorphism.
Since α T (a, b) and β T (a, b) are the invariants c 4 and c 6 of the Weierstrass model of E T (a, b), it suffices to verify by the remark above that the following equalities hold:
This is easily checked by the definition of α T (a, b) and β T (a, b).
Remark 4.3. Henceforth, we will assume that a is even in the Weierstrass model of
Similarly, we will assume that a is positive in the Weierstrass model of
We now state the main theorem of this section.
T γ T where u T is one of the possibilities below 
Moreover, there are necessary and sufficient conditions on a, b, d to determine the exact value of u T . Table 2 summarizes these necessary and sufficient conditions. 
with b a squarefree even integer not divisible by 3. u T = 1 ⇐⇒ The previous conditions are not satisfied.
is even with bd ≡ 3 mod 4 u T = c ⇐⇒ The previous condition is not satisfied.
u T = 1 ⇐⇒ The previous condition is not satisfied.
In Theorem 3.3, we considered elliptic curves whose j-invariant was not 0 or 1728. Consequently, in order to prove Theorem 4.4 as stated we need knowledge of when E T has j-invariant 0 or 1728. Below we prove a series of lemmas which will allow us to distinguish those E T 's whose j-invariant is 0 or 1728. Lemma 4.5. Let E be a rational elliptic curve with a rational torsion point of order
Proof. From (1.3) it is checked that j = 0 if and only if c 4 = 0. Similarly, j = 1728 if and only if c 6 = 0. By Proposition 2.7 and Lemma 2.9, E is Q-isomorphic to E T for some T . We now consider the cases when j = 0 and j = 1728.
Case I. Suppose j = 0. Then the invariant c 4 of E is 0. In particular, it suffices to check when there are integer solutions to the equations α T = 0. By inspection, this only occurs for T = C 6 with a = 3 and b = −1 since we assume a is positive by Remark 4.3.
Case II. Suppose j = 1728. Then the invariant c 6 of E is 0. In particular, it suffices to check when there are integer solutions to the equations β T = 0. By inspection, this only occurs for T = C 4 with a = 8 and b = −1 since we assume a to be positive by Remark 4.3.
Lemma 4.6. Let E be a rational elliptic curve with a rational torsion point of order N = 3. Then the j-invariant of E is not equal to 1728. Moreover, if the j-invariant of E is 0, then E is Q-isomorphic to either E C3 (24, 1) or
for some positive cubefree integer a.
for some integers a 1 and a 2 . Then c 4 = a 1 a 3 1 − 24a 3 and c 6 = −a
. By inspection, c 6 = 0 does not have any real solutions and therefore there is no elliptic curve E with a torsion point of order 3 which has j-invariant 1728.
Next, the j-invariant of E is 0 if and only if c 4 = 0. In particular, either a 1 = 0 or a 3 1 −24a 3 = 0. We consider each of these cases separately.
Case I. Suppose a 1 = 0. Then E is Q-isomorphic to E T (a, b) for some relatively prime integers a and b by Corollary 2.5. But then α T = a 3 (a − 24b) = 0. Consequently, a − 24b = 0 and so a = 24b. Since a and b are relatively prime, we conclude that E is Q-isomorphic to E C3 (24, 1).
Case II. Suppose a 1 = 0. Then
We claim that E is Q-isomorphic to
where a is the positive cubefree part of a 3 . Indeed, write a 3 = c 3 a where a is a cubefree positive integer. Then the admissible change of variables x −→ c 2 x and y −→ c 3 y gives a Q-isomorphism
which concludes the proof. Observe that for p a prime, v p (∆) ≤ 11 since a is cubefree. In particular,
is a global minimal model for E C 0
3
. It now follows that E C 0 3 has additive reduction at each prime dividing ∆.
Since gcd(a, b) and d are squarefree, it follows that d = −3 and a = 3b with b a squarefree integer not divisible by 3.
(ii) If E T has j-invariant 1728, then
Since d = 1, it follows that the latter cannot occur. Consequently, a = 0. Now suppose b =b 2 e for e a squarefree integer. Then the admissible change of variables x −→b 2 x and y −→b
In particular, we may assume b is a squarefree integer which concludes the proof.
Proof. Towards a contradiction, suppose the j-invariant of E T is 0. Then
But this is a contradiction since a 2 − ab + b 2 = 0 for nonzero integers a and b. Next, suppose the j-invariant of E T is 1728. Then
Since a and b are relatively and a is assumed to be even by Lemma 4.1, we have that
, which concludes the proof.
Proof of Theorem 4.4
The proof will rely on the following theorem of Kraus [8] .
Theorem 5.1. Let α, β, and γ be integers such that α 3 − β 2 = 1728γ with γ = 0. Then there exists a rational elliptic curve E given by an integral Weierstrass equation having invariants c 4 = α and c 6 = β if and only if the following conditions hold:
(ii) either β ≡ −1 mod 4 or both v 2 (α) ≥ 4 and β ≡ 0 or 8 mod 32.
The following corollary is automatic by Lemma 3.2 and the definition of an integral Weierstrass model. Corollary 5.2. Let E be a rational elliptic curve which is given by an integral Weierstrass model. Let c 4 and c 6 be the invariants associated to this model. If x −→ u 2 x + r and y −→ u 3 + u 2 sx + w is an admissible change of variables between E and a global minimal model of E, then α = u −4 ·c 4 and β = u −6 · c 6 satisfy the conditions of Theorem 5.1.
Lemma 5.3. Let α, β, and γ be integers such that
Proof. The assumption implies that 2 12k divides α 3 and γ. Then 2
Remark 5.4. By Lemma 4.5, the j-invariant of E T is not equal to 0 or 1728 for T = C 2 , C 3 , C 4 , C 6 , and C 2 × C 2 . Consequently, for these T , we will implicitly assume in the proof of Theorem 4.4 that the j-invariant of E T is not 0 or 1728.
Proof of Theorem 4.4 for
Theorem 4.4 for T = C 5 , C 7 , C 9 . For T = C 5 , C 7 , C 9 , the minimal discriminant of E T is γ T .
Proof. Since E T is given by an integral Weierstrass model, we have by Lemma 3.2 that there is a unique positive integer u T such that u T γ T . In particular, u 6 T divides gcd(β T , γ T ). Since a and b are relatively prime, we have that for a fixed positive integer k, there are integers r and s such that ra k + sb k = 1 and so by Lemma 3.1, gcd(β T , γ T ) divides d T where
In particular, u T = 1 which shows that E T is a global minimal model for E T .
and a ≡ −1 mod 4, or (3) a = 3b with b a squarefree even integer not divisible by 3.
(iii) u T = 1 ⇐⇒ the above conditions do not hold.
Proof. Recall that the discriminant of E T is γ T and the invariants c 4 and c 6 of E T are α T and β T where
By assumption, a, b, d are integers with d = 1, b = 0 such that gcd(a, b) and d are squarefree. First, suppose the j-invariant of E T is 0. By Lemma 4.8 E T is Q-isomorphic to E T (3b, b, −3) for b a squarefree integer not divisible by 3. Then
In particular, if b is odd, then v p (γ T ) < 12 for all primes p and therefore γ T is the minimal discriminant of E T . Now suppose b = 2b for some odd squarefree integerb. The admissible change of variables x −→ 4x and y −→ 8y gives a Q-isomorphism from E T onto
Note that the discriminant of E ′ T is u −12
In particular, v p (γ T ) ≤ 9 for each odd prime p and v 2 (γ T ) ≤ 15. Since E T is given by an integral Weierstrass model, we have by Lemma 3.2 that there is a unique positive integer u T such that u
We claim that u T = 1. Towards a contradiction, suppose u T = 2 so that v 2 (γ T ) ≥ 12. This is equivalent to b being even and so b = 2b for some odd squarefree integerb. Then
Since u T γ T is the minimal discriminant of E T . Thus u T = 1.
Next, suppose the j-invariant of E T is not equal to 0 or 1728. Let gcd(a, b) = mn such that gcd(a, d) = ml and gcd(b, l) = 1. In particular, m, n, l are squarefree relatively prime positive integers. Hence a = mnlã, b = mnb, and d = mld for some integersã,b, andd. Then by Lemma 3.1,
Note that the inequality only holds if v 3 (â) > 0 and so 3 does not divideb. These assumptions imply that
which contradict the assumption that 3 divides u T . Case II. Suppose 3 divides u T and n. In particular, d is not divisible by 3. Now write a = 3â and b = 3b for some integersâ andb with 3 dividing at most one ofâ andb. Then 
since b 2d being odd implies that v 2 3b 2d + 2â 2 = 0. This contradicts the assumption that u T = 4.
Subcase II. Assume that b and d are both even and write a = 2â, b = 2b, and d = 2d for some integersâ,b,d with at most one ofâ andb being even. Then
But v 2 6b 2d +â 2 ≤ 1 with equality if and only if v 2 (â) > 0. This contradicts the assumption that u T = 4. Subcase III. Assume that b is even and d is odd and write a = 2â and b = 2b for some integersâ andb such that at most one ofâ andb is even. Then
Since u T = 4 implies that v 2 (α T 
If a is divisible by 3, then a 9b 2 d − a 2 ≡ 0 mod 27. This concludes the proof of (i). Now assume that u T = 2. Then 2 4 and 2 6 divide α T and β T , respectively. The invariants c 4 and c 6 associated with a global minimal model of E T are 2 −4 α T and 2 −6 β T , respectively. The argument preceding (5.2) shows that v 3 (c 6 ) = 2. Therefore by Theorem 5.1, either −c 6 ≡ −1 mod 4 or both v 2 (c 4 ) ≥ 4 and c 6 ≡ 0 or 8 mod 32. Moreover, the minimal discriminant is 2 −12 γ T and so we get the inequality
Note
Since c 6 is even, it follows by and so k must be divisible by 4. Write k = 4k for some integerk. Then
This only occurs when bothb 2 d andâ 2 are both even or are both odd. We claim that they are both odd. Indeed, ifâ
which shows that c 6 ≡ 0 mod 32. Proof. First, suppose E T has j-invariant 0. Then by Lemma 4.6, E T = E T (24, 1). Since 24 = 8·3, it is verified that the minimal discriminant of E T (24, 1) is u
−12
T γ T with u T = 4 which verifies the Theorem.
Next, suppose the j-invariant of E T is not equal to 0 or 1728. The admissible change of variables x −→ v 2 x and y −→ v 3 y with v = c 2 d results in a Q-isomorphism between E T and the elliptic curve E ′ T : y 2 + cdexy + de 2 by = x 3 .
In particular, E ′ T is given by an integral Weierstrass model and its discriminant ∆ and invariants c 4 and c 6 are We now claim that v 3 (u T ) = 0. If this is not the case, then Proof. First, suppose E T has j-invariant 1728. Then by Lemma 4.5, E T is Q-isomorphic to E T (8, −1). Then a = c 2 d with c = 2 and d = 2. The admissible change of variables x −→ 4x and y −→ 8y gives a Q-isomorphism from E T onto E ′ T : y 2 + 4xy + 8y = x 3 + 2x 2 .
Then the discriminant of E ′ T = −2 12 . We claim that the minimal discriminant is −2 12 . Indeed, if this were not the case, then the only possibility for the minimal discriminant is −1. But this is absurd since there is no rational elliptic curve of conductor 1.
Next, suppose E T has j-invariant not equal to 0 or 1728. The admissible change of variables x −→ c 2 x and y −→ c 3 y results in a Q-isomorphism between E T and the elliptic curve
In particular, E ′ T is given by an integral Weierstrass model and its discriminant ∆ and invariants c 4 and c 6 are
Since a and b are relatively prime integers, we have that We claim that u T divides 2. Towards a contradiction, suppose 4 divides u T . Then v 2 (c 4 ) ≥ 8 and v 2 (c 6 ) ≥ 12. We show that these inequalities never hold. First, observe that c 4 is even if and only if a is even. If a is even with v 2 (a) = 2, then
which contradicts the assumed inequality. So suppose v 2 (a) = 2 so that a = 4â for some odd integerâ. Then
. This is our desired contradiction and so we conclude that u T divides 2.
Suppose u T = 2. Then 2 4 |c 4 , 2 6 |c 6 , and 2 12 |∆. In particular, c 4 is even and so a is even. Since a = c 
By Theorem 5.1 we have that 2 −6 c 6 ≡ −1 mod 4 which is equivalent to bd ≡ −1 mod 4. It remains to check that v 3 2 −6 c 6 = 2. Since v 3 2 −6 c 6 = v 3 (c 6 ) and c 6 is the invariant of the integral Weierstrass model E Proof. First, suppose E T has j-invariant 0. By Lemma 4.5 E T is Q-isomorphic to E T (3, −1). Then γ T = −2 4 3 3 and therefore it is the minimal discriminant of E T . Next, suppose the j-invariant of E T is not equal to 0 or 1728. Since E T is given by an integral Weierstrass model, we have by Lemma 3.2 that there is a unique positive integer u T such that u T divides gcd(β T , γ T ) and by Lemma 3.1 gcd(β T , γ T ) divides 2 9 3 3 . Therefore u T divides 2. Suppose u T = 2. Then a + b is even since α T ≡ (a + b) 4 mod 2. Consequently, a and b are both odd since a and b are relatively prime. We now claim that the inequality 
Since v 2 (a + b) ≥ 3, it follows that E ′ T is an integral Weierstrass model with discriminant 2 −12 γ T . This shows that u T = 2 if and only if v 2 (a + b) ≥ 3. Consequently, E T is a global minimal model for E T if and only if v 2 (a + b) < 3 since u T divides 2. T γ T since E T is given by an integral Weierstrass model. In particular, u 6 T divides gcd(β T , γ T ) and by Lemma 3.1 gcd(β T , γ T ) divides 2 9 . In particular, u T divides 2. Suppose u T = 2. Then a is even since α T ≡ a 8 mod 2. Observe that
We claim that inequality (5.6) holds if and only if v 2 (a) = 1 or v 2 (a) > 2. Indeed, T γ T since E T is given by an integral Weierstrass model. In particular, u 6 T divides gcd(β T , γ T ) and by Lemma 3.1 gcd(β T , γ T ) divides 2 8 5. Therefore u T divides 2. Suppose u T = 2. Then α T is even if and only if a is even since α T ≡ a 12 mod 2. Now observe that
It is clear that (5.7) holds if v 2 (a) ≥ 2. So suppose v 2 (a) = 1. Then v 2 (a − 2b) ≥ 2 and so inequality (5.7) holds. By inspection, v 2 (α T ) = 4 if a is even and consequently v 2 (β T ) = 6 by Lemma 5.3. The admissible change of variables x −→ 4x and y −→ 8y gives a Q-isomorphism from E T onto the elliptic curve
In particular, E ′ T is given by an integral Weierstrass model if a is even. Therefore E ′ T is a global minimal model for E T if and only if a is even.
Lastly, if a is not even, then E T is a global minimal model for E T . T γ T since E T is given by an integral Weierstrass model. In particular, u 6 T divides gcd(β T , γ T ) and by Lemma 3.1 gcd(β T , γ T ) divides 2 9 3 3 . Thus u T divides 2. Suppose u T = 2. Then α T is even if and only if a is even since α T ≡ a 16 mod 2. Next, observe that
By inspection, we see that a is even if and only if v 2 (γ T ) ≥ 12. By inspection, v 2 (α T ) = 4 and so v 2 (β T ) = 6 by Lemma 5.3. The admissible change of variables x −→ 4x and y −→ 8y gives a Q-isomorphism from E T onto the elliptic curve E ′ T : y 2 + a 1 xy + a 3 y = x 3 + a 2 x 2 where
Since a is even, E ′ T is given by an integral Weierstrass model. Therefore E ′ T is a global minimal model for E T if and only if a is even.
Lastly, if a is not even, then E T is a global minimal model for E T .
Proof of Theorem 4.4 for
T γ T with u T ∈ {1, 2}. Moreover, u T = 2 if and only if v 2 (a) ≥ 4 and bd ≡ 1 mod 4.
Proof. First, suppose E T has j-invariant equal to 1728. By Lemma 4.9, E T is Q-isomorphic to E T (2, 1, d) . Then γ T = 64d 6 . Since d is squarefree, we have that v p (γ T ) ≤ 6 for each odd prime p. In particular, if d is odd, then γ T is the minimal discriminant of E T . Now suppose d = 2d for some odd squarefree integerd. By Lemma 3.2 there is a unique positive integer u T such that u T γ T since E T is given by an integral Weierstrass model. In particular, u 6 T divides gcd(β T , γ T ) and by Lemma 3.1 gcd(β T , γ T ) divides 2 7 d 8 . In particular, u T divides 2d since d is a squarefree integer. We claim that v p (u T ) = 0 for all odd primes p. Towards a contradiction, suppose an odd prime p divides u T . Then p divides d and moreover,
Since a, b, and a − b are relatively prime, it follows that p divides exactly one of these. If p divides one of a or b, then p does not divide a 2 −ab+b 2 which contradicts the assumption that p 4 divides α T . Therefore p divides a − b and a 2 − ab + b 2 . But then p divides
which is a contradiction. Hence v p (u T ) = 0 for all odd primes p. It now follows that u T divides 4. We claim that u T = 4. Towards a contradiction, suppose u T = 4 so that v 2 (α T ) ≥ 8 and d is even. Since d is squarefree, we deduce
Recall that by Lemma 4.1, a is assumed to be even and thus a 2 − ab + b 2 is always odd which contradicts inequality (5.8). Hence u T divides 2. Now assume u T = 2. Then 2 4 |α T , 2 6 |β T , and 2 12 |γ T . By definition of α T and β T , we see that the first two divisibilities are always satisfied. Now observe that
We now consider the cases where d is even or odd. Case I. Suppose d is even. Since 2 −6 β T is even and Consequently, E T is a global minimal model for E T if and only if the above equivalence does not hold. T γ T since E T is given by an integral Weierstrass model. In particular, u 4 T divides gcd(α T , β T ) and by Lemma 3.1 gcd(α T , β T ) divides 2 14 3 2 . Therefore u T divides 8. Observe that −6 β T = 2. As before, it suffices to verify the congruence modulo 32. Write a = 8â for some integerâ and observe that 2 −6 β T ≡ 0 mod 32. Thus v 2 (a) ≥ 3 implies that the minimal discriminant of E T is 2 −12 γ T . Case III. Suppose v 2 (a) = 1. Then
and so v 2 (γ T ) < 12. In particular, the minimal discriminant of E T is γ T .
Case IV. Suppose v 2 (a) = 0. Then v 2 (α T ) = 0 and so the minimal discriminant of E T is γ T .
We conclude that (i) and (ii) hold since these cases exhaust all possibilities of a and b with the assumption that v 2 (a) = 2 or v 2 (a + 4b) < 4. Suppose v 2 (a + b) = 0. Then α T is odd and therefore by the above E T is a global minimal model for E T if v 2 (a + b) = 0. This is the converse of (i).
Now consider the admissible change of variables x −→ u 2 x and y −→ u 3 y from E T onto the elliptic curve E uT given by the Weierstrass model
Now suppose v 2 (a + b) = 1 and write b = 2k − a for some odd integer k. Then
Since odd squares are congruent to 1 modulo 8, we deduce
But 4n ≡ 4 mod 8 for all odd integers n and thus (b − 5a) (b − a) ≡ 0 mod 32. In particular,
Since
Now let α T = P Q where P is the factor of degree 2 and Q is the factor of degree 6. Then
Thus P ≡ 16 mod 32 and Q ≡ 2 12 mod 2 13 since a 2 ±4ak−k 2 ≡ 4 mod 8 and 2 l−1 j ≡ 2 l−1 mod 2 l for all odd integers j and positive integers l. Therefore v 2 (α T ) = 16 and by Lemma 5.3 we have that v 2 (β T ) = 24. In particular, 16 −4 α T and 16 −6 β T are odd integers. Moreover, 16 −4 α T and 16 −6 β T are the invariants c 4 and c 6 , respectively of the elliptic curve E u in (5.12) with u = 16. We claim that E u is given by an integral Weierstrass model. Indeed, is an integer. To show that 16 −3 · 2a 3 is an integer, we observe that 3a + b ≡ 0 mod 4 and so v 2 (a 3 ) ≥ 11 which shows that E u for u = 16 is an integral Weierstrass model. We conclude that the model is a global minimal model for E T since its invariant c 4 is odd. Hence, if v 2 (a + b) = 1, then the minimal discriminant of E T is 16 −12 γ T . This is the converse of (iii). Next, suppose v 2 (a + b) ≥ 2 and write a + b = 4k for some integer k. Then b − a = 4k − 2a ≡ 2 mod 4 since a is odd. Since b − 5a and b − 9a are congruent to b − a mod 4 we have that
Since (b − 3a) (b + 3a) is a difference of odd squares, it follows that it is divisible by 8 which implies that v 2 (γ T ) ≥ 26.
As before, let α T = P Q where P is the factor of degree 2 and Q is the factor of degree 6. Then P ≡ 4a 2 mod 8 = 4 mod 8 Q ≡ 64a 2 mod 128 = 64 mod 128.
Therefore v 2 (α T ) = 8 and consequently v 2 (β T ) = 24 by Lemma 5.3. In particular, 4 −4 α T and 4 −6 β T are odd integers and they are the invariants c 4 and c 6 , respectively of the Weierstrass model of E u for u = 4. We claim that E u is an integral Weierstrass model. Indeed,
This shows that E u with u = 4 is a global minimal model for E T if v 2 (a + b) ≥ 2 since the invariant of the model is odd. This is the converse of (ii). Since the converse of (i) , (ii) , and (iii) exhaust all possibilities for v 2 (a + b) we get that the forward implication in each hold as well, which concludes the proof. T divides gcd(α T , β T ) and by Lemma 3.1 gcd(α T , β T ) divides 2 49 3 2 and so u T divides 2 12 . Observe that α T is even if and only if a is even since α T ≡ a 16 mod 2. In particular, if a is odd, then γ T is the minimal discriminant of E T which gives the converse of (i). Next, let x −→ u 2 x and y −→ u 3 y be the admissible change of variables from E T onto the elliptic curve E u given by the Weierstrass model
where
We will prove the converse of (ii) and (iii) by demonstrating that E u is a global minimal model for E T under the assumptions on a. Note that if a is even, then for some odd integer k and so v 2 (α T ) = 16. Consequently, v 2 (β T ) = 24 by Lemma 5.3 and thus 16 −4 α T and 16 −6 β T are odd integers and they are the invariants c 4 and c 6 , respectively of the Weierstrass model for E u with u = 16. We claim that E u is an integral Weierstrass model. By inspection, v 2 (a 1 ) ≥ 4, v 2 (a 2 ) ≥ 7, and v 2 (a 3 ) ≥ 10. Therefore E u is an integral Weierstrass model and therefore it is a global minimal model for E T when v 2 (a) = 1 since its invariant c 4 is odd. This shows the converse of (ii).
Suppose v 2 (a) ≥ 2 so that a = 4k for some integer k. −24 α T and 2 −36 β T are odd integers and they are the invariants c 4 and c 6 , respectively of the Weierstrass model for E u with u = 64. By inspection, we observe that v 2 (a 1 ) ≥ 6, v 2 (a 2 ) ≥ 10, and v 2 (a 3 ) ≥ 15. Therefore E u is an integral Weierstrass model and therefore it is a global minimal model for E T when v 2 (a) ≥ 2 since its invariant c 4 is odd. This shows the converse of (iii).
Since the converse of (i) , (ii) , and (iii) exhaust all possibilities for v 2 (a) , we get that the forward implication in each holds as well, which concludes the proof. 
We now consider each of these cases separately.
Let T = C 2 and observe that if u T = 1, then E ′ T = E T is a global minimal model. We now consider the remaining cases in Theorem 4.4 for when u T = 1. Case I. Suppose v 2 (b) ≥ 3 and a ≡ 7 mod 8 and write b = 8b and a = 8k + 7 for some integersb and k. Then a ≡ −1 mod 4 and u T = 2 by Theorem 4.4. Since
is an integral Weierstrass model we conclude that E ′ T is a global minimal model for E T . Case II. Suppose v 2 (b) ≥ 3 and a ≡ 3 mod 8 and write b = 8b and a = 8k + 3 for some integersb and k. Then a ≡ −1 mod 4 and u T = 2 by Theorem 4.4. Since
is an integral Weierstrass model we conclude that E ′ T is a global minimal model for E T . Case III. Suppose u T = 1 and v 2 (b) = 1. Then 
Since a = c 2 d with d a squarefree integer we deduce that v 2 (c) ≥ 4 which implies that E ′ T is a global minimal model for E T since bd + cd + 1 ≡ 0 mod 4.
Next, let T = C 2 × C 2 and observe that if u T = 1, then E ′ T = E T is a global minimal model. Since u T = 2 is equivalent to v 2 (a) ≥ 4 and bd ≡ 1 mod 4. These assumptions imply that E ′ T is a global minimal model for E T since
Lastly, let T = C 2 × C 4 and observe that C 2 a is a cube and 3 does not divide a.
C 3 a is a square and either a is odd or v 2 (a) ≥ 8 is even with b ≡ 3 mod 4.
In particular, if for T = C 2 × C 6 and T = C N where N = 5, 7, 8, 9, 10, 12, the equivalence above is not satisfied, then E T has additive reduction at p where p is the prime that appears in the valuation v p above. For the remaining T we have the following necessary and sufficient conditions for additive reduction to occur at a prime p:
(T = C 2 ) E T has additive reduction at each odd prime p dividing gcd(a, bd). In addition, E T has additive reduction at p = 2 if and only if
has additive reduction at all primes dividing de. In addition, E T has additive reduction at 3 if and only if v 3 (a) > 0.
(T = C 4 ) E T has additive reduction at all primes dividing d. In addition, E T has additive reduction at 2 if and only if a is even and u T = c.
(T = C 6 ) E T has additive reduction at 2 (resp. at 3) if and only if v 2 (a + b) = 1, 2 (resp. v 3 (a) > 0).
(T = C 2 × C 2 ) E T has additive reduction at all primes dividing d. In addition, E T has additive reduction at 2 if and only if v 2 (a) < 4 or bd ≡ 1 mod 4.
(T = C 2 × C 4 ) E T has additive reduction at 2 if and only if v 2 (a + 4b) < 4 with a even.
Proof. We first consider the case when T = C 2 , C 3 , C 4 , or C 2 × C 2 . For these T , let S be the set of primes at which E T can have additive reduction. By Theorem 3.3, we have:
Let u T be as given in Theorem 4.4. Then the minimal discriminant of E T is u T γ T , we conclude that E T has additive reduction at 3 if and only if 3 divides a since α T ≡ a 16 mod 3 and a is a factor of γ T .
Suppose T = C 2 × C 4 . Then u T is either 1, 2, or 4. Case I. Suppose u T = 1 so that v 2 (a) ≤ 1. Then E T has additive reduction at 2 if and only if v 2 (a) = 1 since α T is even if and only if a is even and γ T is even with this assumption.
Case II. Suppose u T = 2 so that v 2 (a) ≥ 2 with v 2 (a + 4b) < 4. Write a = 4k for some integer k. Then u T γ T are verified to be even and so we have that E T has additive reduction at 2.
Case III. Suppose u T = 4 so that v 2 (a) = 2 with v 2 (a + 4b) ≥ 4. Write a = 16k − 4b for some integer k and observe that u −4 T α T ≡ b 4 mod 2. Since b is odd, it follows that E T is semistable at 2.
We conclude that E T has additive reduction at 2 if and only if a is even and v 2 (a + 4b) < 4. Suppose T = C 2 × C 6 . Then u T is either 1, 4, or 16. By Corollary 8.1, u
−4
T α T is always odd, and so E T is semistable at 2. Since v 3 (α T ) = v 3 u T α T is always odd by Corollary 8.1, we conclude that E T is semistable at all primes.
It remains to show the Theorem for T = C 2 , C 3 , C 4 , C 2 × C 2 . Suppose T = C 2 . The minimal discriminant of E T is ∆ Next, observe that c −4 α T is even if and only if a is even and thus E T with u T = c has additive reduction at 2 if and only if a is even. Now suppose u T = 2c so that v 2 (a) ≥ 8 is even with bd ≡ 3 mod 4. Then c = 2 4 k for some integer k and (2c)
since bd is odd. Hence E T is semistable at 2 if u T = 2c. Lastly, suppose T = C 2 × C 2 . By Theorem 4.4, the minimal discriminant of E T is u
−12
T γ T where u T is either 1 or 2. By Lemma 3.1, gcd(α T , γ T ) divides 2 4 d 6 . Since d divides both α T and γ T , we conclude that E T has additive reduction at an odd prime p if and only if p divides d. Moreover, if u T = 1, both α T and γ T are even and hence E T has additive reduction at 2.
So suppose u T = 2 so that v 2 (a) ≥ 4 and bd ≡ 1 mod 4. Then
which implies that E T is semistable at 2. Thus, E T has additive reduction at 2 if and only if u T = 1.
Remark 7.2. If the j-invariant of E T is 0 or 1728, then E T has additive reduction at all primes dividing the minimal discriminant ∆ min ET .
Corollaries and Examples
The following two statements are automatic consequence of the proof of Theorem 4.4.
Corollary 8.1. Let E be a rational elliptic curve with T ֒→ E(Q) where T = C 7 , C 9 , C 10 , C 12 , C 2 × C 6 , or C 2 × C 8 . Then the invariants c 4 and c 6 associated to a global minimal model of E are odd. For an arbitrary elliptic curve, this is only true for primes p ≥ 5 [13, Remark VII.1.1].
Corollary 8.3. Let E be a rational elliptic curve. If E has additive reduction at three or more primes, then E(Q) tors ∼ = C N for N ≤ 4 or E(Q) tors ∼ = C 2 × C 2 . If E has additive reduction at two primes, then E(Q) tors can be embedded into C 4 , C 6 , or C 2 × C 2 .
Proof. The elliptic curve y 2 = x 3 + 30 has additive reduction at the primes 2, 3, and 5 and has trivial torsion subgroup. The Corollary now holds for the remaining T by Theorem 7.1.
Remark 8.4. The previous corollary does not hold in arbitrary number fields. Indeed, suppose E is an elliptic curve over a number field K with a K-torsion point of order n. If E has additive reduction at two places with distinct residue characteristics, then E(K) tors divides 12 by Flexor and Oesterlé's theorem [5] . They also showed that this divisibility condition is sharp since the elliptic curve y 2 − 2y = x 3 over K = Q √ −3 has additive reduction at two places and their residue characteristic are 2 and 3. Moreover, E(K) tors ∼ = C 2 × C 6 . 9. E T and its Associated Invariants C 2 × C 8
